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Abstract: Recently, Savaré-Toscani proved that the Rényi entropy power of general probability
densities solving the p-nonlinear heat equation in R” is a concave function of time under certain
conditions of three parameters n, p, 4, which extends Costa’s concavity inequality for Shannon’s
entropy power to the Rényi entropy power. In this paper, we give a condition ®(n, p, ) of n, p,
under which the concavity of the Rényi entropy power is valid. The condition ®(n, p, ) contains
Savaré-Toscani’s condition as a special case and much more cases. Precisely, the points (1, p, )
satisfying Savaré-Toscani’s condition consist of a two-dimensional subset of R3, and the points
satisfying the condition ®(, p, ) consist a three-dimensional subset of R3. Furthermore, ®(n, p, )
gives the necessary and sufficient condition in a certain sense. Finally, the conditions are obtained
with a systematic approach.

Keywords: Rényi entropy; entropy power inequality; nonlinear heat equation

1. Introduction

In 1948, Claude Elwood Shannon [1] first introduced his mathematical theory of
information. In particular, he presented the concept of entropy as a measure for information.
On this foundation, Alfréd Rényi [2] then built one of his contributions in 1961. At the
center, he introduced a new notion of entropy that included that of Shannon as a special
case, and this is called Rényi entropy.

The p-th Rényi entropy [3,4] of a probability density function f : R” — R is defined as

Hy(f) = log [ fP(x)d, )

p
for 0 < p < +oo, p # 1. The p-th Rényi entropy power is given by

Ny (f) == exp(EH, (), @

where y is a real-valued parameter. The Rényi entropy for p = 1 is defined as the limit of
Hy(f) as p — 1. It follows from definition (1) that

Hi(f) = imH, (f) = = [ f(x)logf(x)dx,

p—1

which is Shannon’s entropy. Thus, the Rényi entropy power of index p = 1, 4 = 2, given
by (2). coincides with Shannon’s entropy power

Ni(f) = exp(CHi(f)). ©)
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Shannon’s entropy power inequality (EPI) is one of the most important information
inequalities [1], which has many proofs, generalizations, and applications [5-13]. In
particular, Costa presented a stronger version of the EPI in his seminal paper [14].

Let X; £ X+ N, (0,tI) be the n-dimensional random vector introduced by
Costa [14-17] and u(x¢) the probability density of X;, which solves the heat equation in

the whole space R",

2 uw) = du(x). @

Costa’s differential entropy is defined to be

H(u(x;)) = — /}Rn u(xt) log u(x;)dxy. )

Related to EPI, Costa [14] proved that the Shannon entropy power N(u) = 5L-e2/mHW) js
concave function in ¢; that is, (d/dt)N(u) > 0 and (d®/d*t)N(u) < 0. Several new proofs
and generalizations for Costa’s EPI were given in [18-21].

Savaré-Toscani [22] proved that the concavity of entropy power is a property which is not
restricted to the Shannon entropy power (3) in connection with the heat Equation (4), but it
holds for the p-th Rényi entropy power (2). They put it in connection with the solution to

the nonlinear heat equation

%u(xt) = Au(x;)? (6)

2
posed in the whole space R" and p € R~ and show that %Np(u) > 0and %Np(u) <0

hold if n, p, u satisfy certain conditions.

In this paper, we give a generalization for the concavity of the p-th Rényi entropy
power (CREP). Precisely, we give a propositional logic formula ®(n, p, ) such that if
n € N, p, u € R satisfy this formula, then the CREP holds. The condition ®(#, p, u) extends
the parameter range of the CREP given by Savaré-Toscani [22] and contains many more
cases. Precisely, the points (1, p, it) satisfying the condition given in [22] consist of a two-
dimensional subset of R3 and the points satisfying the condition ®(#, p, ) consist of a
three-dimensional subset of R®. Furthermore, ®(n, p, ) gives the necessary and sufficient
condition for CREP to be valid in a certain sense.

The formula & is obtained using a systematic procedure which can be considered
as a parametric version of that given in [15-17,23], where parameters 7, p, 4 exist in the
formulas. The procedure reduces the proof of the CREP to check the semi-positiveness of a
quadratic form whose coefficients are polynomials in the parameters #, p, y. In principle,
a necessary and sufficient condition for the parameters to satisfy this property can be
computed with the quantifier elimination [24]. In this paper, the problem is in a special
form and an explicit proof is given.

The rest of this paper is organized as follows. In Section 2, we give the proof procedure
and prove the concavity of entropy powers in the parametric case. In Section 3, we present
the generalized version of CREP using the proof procedure. In Section 4, conclusions
are presented.

2. Proof Procedure

In this section, we present a procedure to prove the CREP. To make the paper concise,
we only give those steps that are needed in this paper.

2.1. Notations

Let xt = [x14,X24,...,%n¢] be a set of variables depending on ¢ and

d(l)xt = dxl,tde,t e dxi_l,tdxiﬂlt . dxn,t,i =12...,n.
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Let [n]o ={0,1,...,n} and [n] = {1,...,n}. To simplify the notations, we use u to denote
u(x;) in the rest of the paper. Denote

ou L
= ch=) h,h eN
{ahl Xppece ah”xn,t lzzl irhi € }

Prn=UnoPun  Pun

as the set of all derivatives of u with respect to the differential operators %,i =1,...,n,

R[n, p, u] as the set of polynomials in parameters #, p, jt, and
R =Rn, p,u][Pu]

as the set of polynomials in P, with coefficients in R[n, p, u]. For v € P}, ,, we say v has
order ord(v) = h. For a monomial [T}_; v?i with v; € Py, its degree, order, and total order are
defined to be }_;_; d;, max!_; ord(v;), and }_i_; d; - ord(v;), respectively.

A polynomial in R is called a kth-order differentially homogenous polynomial or simply a
kth-order differential form, if all its monomials have degree k and total order k. Let M, be
the set of all monomials which have degree k and total order k. Then, the set of kth-order
differential forms is an R-linear vector space generated by M; ,, which is denoted as
Spang (M ;). We use Gaussian elimination in Spang (M ,,) by treating the monomials as
variables. We always use the lexicographic order for the monomials defined in [15-17].

2.2. Sketch of the Proof
In this section, we give the procedure to prove the CREP. The property %Np (u) >0

2
can be easily proved [22]. We focus on proving %NP (u) < 0. The procedure consists of

four steps.
In step 1, we reduce the proof of CREP into the proof of an integral inequality, as
shown by the following lemma, the proof of which is given in Section 2.4.

2
Lemma 1. The proof of %Np (u) < 0 can be reduced to show

[ w7 Esdx: > 0, )

under the condition p > 1 — %, where Ex, = Y01 Y41 Eo nap is a fourth-order differential
formin Rin, p, u][V, ] and

oMu

V = —_—
ab {ahl xa,tahsz,t

:h € [3]p;a,b € [n]}. 8)

In step 2, we compute the constraints, which are relations satisfied by the probability
density u of X;. Since E;, in (7) is a fourth-order differential form, we need only the
constraints which are fourth-order differential forms. A fourth-order differential form R is
called an equational or inequality constraint if

/ u3P*6Rdxt =0 or/ u3p76Rdxt > 0. )
n Rn

The method to compute the constraints is given in Section 2.3. Suppose that the equational
and inequality constraints are respectively

Cc={R;, |i=1,...,N}, (10)
Cr={L,|i=1,...,Ny}. (11)
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In step 3, we find a propositional formula ®(n, p, 1) such that when n € N and
p, 1 € R satisty @,

Ny Ny
3cj, e € R 5.t By — Z;el-Ri - ;cjlj =S$>0andc¢; >0,j=1,...,Np (12)
1= =

where S is a sum of squares (SOS). Details of this step and the formula ®(#, p, jt) are given
in Section 3.
To summarize the proof procedure, we have

Theorem 1. The CREP is true if ®(n, p, u) is valid.

Proof. By Lemma 1, we have the following proof for CREP:

/ u3p—6E2,ndxt
JR

(12) N N,
:/u3’”_6(ZeiR,-+ cil; + S)dx;
R i=1 =1

“ (13)
g/ u3p_6(z C]‘I]' + S)dxt
R =

S2 3p-6 S3
z/up* Sdx; > 0.
R

Equality S1 is true, because R; are equational constraints. Inequality S2 is true, because I;
are inequality constraints. Inequality S3 is true, because S is an SOS and hence S > 0 under
the condition ®(n, p, u). O

2.3. The Equational Constraints

In this section, we show how to find the second-order equational constraints. A
second-order equational constraint is a fourth-order differential form in R[n, p, u][ P2 ] such
that fR” 13P~R dx; = 0. We need the following property.

Property 1. Let a,r,m;, k; € Nsgand u™i) be an m;th-order derivative of u. If u(x;) is a smooth,
strictly positive and rapidly decaying probability density, then

/-OO /OO u3p—2 T [u(m,')]ki
. e - 11 7uki

xalt:—oo

d@x, =0, (14)

with Y kim; =4, YI_ ki = 4.

When p > 2, Property 1 follows from [25]. While 0 < p < 2,p # 1, we make the
assumption that u(x;) also satisfies Property 1.

Using Property 1, we can compute 28 second-order equational constraints using the
method given in [15-17]:

Conm =A{Rigp : i=1,...,28} CR[n, p, u][Vapl, (15)

where R; ;, can be found in the Appendix A. Note that g, b are variables taking values
in [n].
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We use an example to show how to obtain these constraints. Starting from a monomial
%u_( du
u 02x,¢ ( 0xq ¢

)2 with degree 4 and total order 4, using integral by parts, we have

J P ough (e P

. 00 3p—5 0 ad 2 ®

- Oo---ffoo PO B ()] xat:food(u)” (16)
— [ e g (5 (B )?) ) da

(14)
= fax“ WM 3p 5(3 ))]dxt-

Then,
o2u ou Ju Py o
3p—6 2 3p—5, U o 4
u u u ;
/ azxa,t axﬂ,t axa,t axa,t (axa,t ) )} t (17)
_ /u ( u )4+3u 2u ou 2_5< ou )4]dx .
= 0Xq ¢ 82xu’t 0x, t Xz + = 0.

We then obtain a 2th-order constraint: Ry ,, = 3p( aii‘ )4+ 3u aix”t a?f:, )2 — 5( 2 Erw )4, The

other 27 constraints in C, ,, are obtained in the same way:.

2.4. Proof of Lemma 1
We first prove several lemmas.

Lemma 2.

dH,(u) _ p [uPlaurdy
& = fads 1o

d*Hy(u)  p S([uP 1%dxy) [uPdx, — p( [ uP~19dx;)?

= 1
d2t 1-p ([ uPdx;)? (19)
Proof. By the definition of p-Rényi entropy (1), we have
dHp(u) _p Jub~19dy, _p [ uP~tAuPdx
dt 1-p [uPdx; 1-p  [urdx '
*Hy(u)  p Z(fuP71%dxy) [uPdx, — [uP~194dx, & ([ uPdxy)
2t 1-p ([ uPdxy)?
p O (fub~19udx,) [uPdx; — [uP~1%dx; [ puP~t9dx,
C1-p ([ uPdx;)?
p O (fup=19dx,) [uPdx; — p( [ uP~194dx;)2
1—p ([ uPdx;)? ’
O
Lemma 3. We have
/u”_lAu”dxt = /Au”_lu”dxt. (20)

Proof. Integrating by parts [22], we have
/up*lAu”dxt = —/Vup*qupdxt = /Aupflupdxt.

O

By Cauchy-Schwarz inequality, we have
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Lemma 4.
/Au” 1u’”dxt /updxt/ (AuP~ 1 u”dxt (21)
Then, we obtain
2 d’H dH 2
% p(”) g % dft(u)enHP(”) + (Z Ci,t(u)) enHP(u) (22)
= %ei’in(u)IZ,n/
where I, = dzgg’:”) + 5 (dH” ) So, by (18), (19), we have
b, — p %(fup_lg—”t‘dxt)fu”dxt p(fuP~ 19 dxt
G ([ uPdx;)?
;4( p fu?”lAupdxt )
n'l—p  [uPdx
oup? (fuPTlAauPdag)? Lp 9 (fuP~19dx;) [uPdx;
n(1—p)?  ([urdx)? 1-p (J updxi)?
(f uP~tAuPdx;)?
1—p  (JuPdx)?
_ p? ) (Jur— Aupdx)®
Con(l-p2? 1-p' (Jurdx)?
p S([uP~1%dx,) [uPdx
_l’_
1—p ([ uPdx;)? (23)
@) (p—n(1—p))p? ([ AuP~ uPdx;)? L P %(f ul’—l%dxt) [ uPdx;
B n(l—p)? ([ uPdx;)? 1—p ([ uPdx;)?
O (p—n(1—p))p* [ubdx, [(AuP~)2uPdx
- n(l-p) (f ubdxy)?
L P 9 (fup~ 1‘3”dxt)fu7”dxt
1—p ([ uPdux;)?

_ 1 (}1—1’1 1_ P p— l p P d ub— 1au
B fui’dxt< / ul ) ubd + g p§(/ ar )

i SO e

1
= —— [ F,dx;,
fupdxt/ 2n Xt

where an = %(Auf?_l)zul’ + L@(up_la%)_

Remark 1. In (23), the step (i) is according to (21), and E=0-p)p® > 0 should be satisfied,

n(1-p)?
which is true under condition p > 1 — £ When p :=2+n(p —1), % > 0 yields
p > 1 — . Savaré-Toscani [22] also used the inequality (21), but ignore the nonnegativity of

the coeﬁ‘tczent % thus, the parameter’s range p > 1 — 2 in [22] should be corrected to
p=>1-— Z'
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Furthermore, we have

Xa,t =1 aszi

(24)

ub) (25)

ity
afxa,tafxb,t

. s . . N i+j
differentiation formulas in (25) and substituting a'xaiafl;
a,t 07 Xp,t

For convenience, introduce the notation u;; := . Then, by calculating the

3p—6,2
u
L Ta,br

= u;j, we have Tpp = — 51

where

_ 4.2 2 3.2 3
Top = 4np~upuig + 2np uug a0 + 8np utlo iy 01,1
3 2 3.2 2 3.2 2 2.2
+4np uugpui g — 15np ug jui g — pp up Uy o + 2np utug iz,

+ 2np2utugpun o + dnp?utug gy o + anzuzuil — 3np2uu%,1 U0

2 2 2 2.2 2 2
— 20mp~uug, u1,0U1,1 — 8npTutlopu g — HPTUUG U0 — PP UL0RUT g
+ 16np2u%,1uio + 5;4p2u(2),1u%,0 +npulug g — 2nputugus,

2 2 2.2 2
— npuug i — 4nputuy gy — 2npuTug g — PpUTiUn 0

(26)
- npuu%rluzlo + 12npuugugourg + anuuo,zuio + 3ypuu%,1uzlo
2 2 2 2 2 2
+ Supunopuy g — npup g — 8pupup Uy g — nuTtotz0
+ g oun o + Znuual Uz + 2nuu0,2ui0 - 2yuu%/1u2,0

2 2 2 2 2
— 2punioauy o — dng g o + Apug g o,
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which is a fourth-order differential form.
From (22)—(25), we have

d? PPu iy 1 3p—6
—-Np(u) < — e p(u)fuf’dxt /u P=PEyndxt, (27)

2
where Ep ,, = Z Z 1 and T, is defined in (26). Then, the problem ccilthp(u) < 0can
a=1b= l

be transformed to f udr— 6E2,ndxt > 0. Thus, Lemma 1 is proved.

3. A Generalized Version of CREP

In this section, we prove a generalized CREP using the procedure given in Section 2.

Theorem 2. Let u(x;) be a probability density in R" solving (6) and satisfying (14). Then, we give
a propositional formula ®(n, p, u) such that the p-th Rényi entropy power defined in (2) satisfies
42
@Np(?(f) < 0, (28)
under the condition ®(n, p, ), that is Ny (x;) is concave under &(n, p, ).

The proof of the above theorem consists of three steps, which are given in the following
three subsections.

3.1. Reduce to a Finite Problem

We first give an inequality constraint. Denote |V2f|? = Yij ( o, a 7 )2. Then, based on
the trace inequality |V2f|> > 1(Af)2, we give an inequality constraint:

ub 2. p—1p2 1 1 -
L = 43r—6 {V uf | 1’l AuP~ H;lgllab >0, (29)

_ ,,6-2 PuP~l \2 1%l PPuP?
where I}, = u p[(axn,taxb,t) I ol B

From (27) and (29), in order for (28) to be true, it suffices to solve

Problem 1. Find a formula ®(n, p, u) such that
n

Eyy > Eap=Eyp+oily = Zlbzl(,, 1Tap +c1ligp) >0,
a

under the conditionscy <0, p>1— L% Rl[lb =0,i=1,...,28 given in (15).

Since 2 2 Ty = Z 2 Tb,,andllab—Rglgu,wehave
a=1b=1 a=1b=1 "

n

I\J\)—‘

~ 1 & 1
EZ,n = E Z [j(Ta,b + Tb,a) + Cl(Il,a,b + Il,ba -
a=1p=1 P

Z Y Lo (30)
a=1b=1

Ta,h + Tb,a) + Cl(ll,a,h + Il,h,a)‘

where L, ;, = ﬁ(
), in order to solve Problem 1, it suffices to solve

From (30), in

Problem 2. Find a formula ®(n, p, i) such that L, , > 0 under the conditionsc; < 0,p > 1— %,
and Ri,a,b = 0,1 = 1, .. ,28
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3.2. Simplify the Problem with the Equational Constraints

In this section, we simplify L,;, in Problem 2 with the equational constraints C; ,
in (15). Note that the subscripts a and b are fixed and are treated as symbols.

Our goal is to reduce L, into a quadratic form in certain new variables. The new
variables are all the monomials in R[V, ;] with degree 2 and total order 2:

My = Ullp,2, My = UlU1,1, M3 = U,

2 2
My = Ug 1, M5 = U0Up,1, Mg = U7,

where V, j, is defined in (8).

We simplify the constraints in (15) as follows. A quadratic monomial in m; is called a
quadratic monomial. Write monomialsin Cp, = {R;,i =1,..., Nj } as quadratic monomials
if possible. Performing Gaussian elimination to C; , by treating the monomials as variables,
and according to a monomial order such that a quadratic monomial is less than a non-
quadratic monomial, we obtain

C2,n = CZ,n,l U C2,n,2/

where C; ;, 1 is the set of quadratic forms in m;, Cy ;7 is the set of non-quadratic forms,
and Spang (Cy,,) = Spang (Cy,,). We obtain Cy 1 = {ﬁi,i =1,...,9}and Cp 0 = {R;,i=
1,...,13}, where

Ry = 2myms + 2(3%7_5)"14"15, Ry = mamg + 22 msme,

Rz = —6mgms + 2(5 — 3p)msmy, Ry=(3p— 5)m4 + 3mymy,
Rs = (3p — 5)m2 + 3mzmg, R¢ = (3p — 5)myms + 3mymy,
R7 = (3p — 5)m2 + 2mams + mzmy,

~ _ 2

Rg = mqms — Wl% + 9p212m3m4 + Wn%,

Rg = mymg — mzmy.x

Ry = udugq + (3 —3p)m3 + (9p° — 36p? +47p 20)m3,
Ry = uluy3+ (3 - 3p)m1m2 + (9p —36p% + 47p — 20)myms,
R3 = uPuzy + (3 — 3p)myms + (—9p? + 21p — 12)mzms,
Ry = uduyp+ (3 — 3p)m3 (9p® — 36p% + 47p — 20)m2,
Rs = uug1uo3 +m7 + 79p2+327p_20mﬁ,
Rg = u? upU1,2 +mymy + M
Ry = wPugyuzg + myms + —2L4270=20

mgytis,

msme,
—9p2+27p—20
3

Rs = u?uy oo + mymy + myms,

Kg = u2u1,0u2,1 + mpoms 4+ Mﬂ%ﬂ%,

I~{10 = u2u1 ouz o+ m% + M g,

Ry = 11 + (3— 3p)m2 9p “Apz, 27p37108p;+141p760m§,
ﬁlZ = u2u0 1Up1 + m2 + m3m + Mms,

Riz = uPuyguyp +m3 + 5L mymy + w Z,
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We now simplify L, , using C, ,, 1 and C; , ». Eliminating the non-quadratic monomials
in L, , using C5 ,, 2, and performing further reduction by C, ,, 1, we have

Lajp = Loy = 2(pct +4np® — 4pPc — 6np + 5pey — 201)Ry
2 ~

E(anp — p?cy +n® —np+2pc; —c1)Rg

- %(6112;02 —2p%cy — 5np — 2npy + 8p*cy — 4n® + 4np — 10pcy + 4c1) Ry

2np ~ ~ ~
_ _pl Ry1 —6npRip — 6npRy3 (31)

= (2np +2n —2u)m3 + (5np — 5Snp* + 5pu + 4n — dy)mzmy
+ (18np* — 7np® + 7p*u — 3np — 19ppu — 12n + 12p) m?
+ 5110 =2) (9 —2p+ )08+ (4n — 2np +5p — 4)(p* —2p + Dymsmy

+ (14np dnp? +7p* — 12n — 19p +12)(p* — 2p + 1)m3).

In order for fulb > 0 to be true, we need to eliminate the monomial m3m4 from falb,
which can be done with ﬁyv as follows.

Ea,b + P7ﬁ7 = Alm% + Apymoyms + A3m§, (32)
where
p7 = (2np3cy +5n%p* — 8np®cy — 5p3cy — 5n’p — Snpu + 10npe
+ 14p?cy — 4n* + 4np — 4ncy — 13pcy +4ey) /n,
Al = —2c1p2/n +4cip/n+2np +2c1 + 2C1p2 —4cyp —2c1/n—2u+2n,
Ay = 4c1p® — 16c1p* — 10c1p° /1 — 10pp + 20c1 p + 28¢1p*/n — 26¢1p/n
+10np? — 10np + 81 — 8cy + 8¢y /n — 8n,
Az = —8u + 81 + 26c1 p* — 24c1p — 8¢y /1 — 12¢1p° + 2c1p* 4 8¢ — 52¢1p? /n
+34c1p/n + 34cip®/n — 8cipt/n + 18pu + 8np® — 22np* — 8p*u + 10np.

3.3. Compute ®(n, p, i)

From (32), in order to solve Problem 2, it suffices to solve

Problem 3. Find a propositional formula ®(n, p, u) such that

P(n,p,p) < Je1(c1 <0Ap>1-— % A Alm% + Aymoms + Agmg > 0). (33)

In principle, Problem 3 can be solved with the quantifier elimination [24]. In this
paper, the problem is special, and an explicit proof is given.

By the knowledge of linear algebra, Aym3 + Aymoms + Azmz > 0 is equivalent to
A=Ay =251 20,0y = A3 = 259 > 0, A3 = A1 A3 — ;A3 = Fr53 > 0, where

=(p—1)*(n—1)c1 +n*(p+1) —np,
=(p—1)*(n(p—2)>—4p* +9p —4)cy

+n2(4p3—11p +5p+4) — (4p* —9p + 4)ny,
= (4—9p)n*(u — p3) (1 — pa),

and p3 and py4 are defined in (37). Furthermore, p ;é is assumed in 4. Thus, the
following lemma is proved.
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Lemma 5. We have

O(n,p,u) < 3e1(c1 <0,51>0,5>0,53>0, p>1—p/n).

(34)

We present an explicit formula for ® in (34). First, we introduce the following parame-

ters.

m = 7, RS m = (VI 1)/2
_ 2 _ __2n°p(9p—13) — (17
61 = _ﬁr tr = 12 (@n19p—4)’ 05 = (V17 —9)n,
g, — "mp—n—nu 0= — 1% (9p>—13p—4)—n(9p—4)u 0 — —4n(v/17-1)u+8n>
N ST T (p-1)f(n+9p—4) 6= L7 ’
97:n(1—p), 98:511/9, 9 = — (Z)Sn’ (35)
0. — _64n 011 — 8(9v/17+23)n? 01 — 16(11v/17447)np+152n2
10 = \/ﬁfcair 1= 732n749+9\/\/l77' 12 = T 6/ 17n73v/17+1181+305"
__dn(pV1742n+p) __ 8n(22uv17-19n—94yp) _ 9.2 8l
b5 = it fu L 26V17n173\/17-118n-305" 015 N 50— mHL
0o =(V17-1)n/8, $1=p>1-1 ¢pp=pu=2+n(p-1),
psEp>1—.
We define ® in (34) using Table 1, where * means &. Define T (i, j) to be the formula
in the i-th row and the j-th column in Table 1. Then, we denote
T(i,j) £ T(i,1) AT(i,j) fori=1,...,8,j = 2,3,4. (36)
For example, T(1,2) is p > ny A 84 > 61 A 5 < 0, which means that if p, n, u satisfy T(1,2),
then there exists a ¢; < 0 such that (33) is true and the CREP is valid. T(1,3) = &, which
means that there exist no values for p, n, u such that (33), and the CREP is true in this case.
We now give the main result of the paper, which implies Theorem 2. The proof for the
theorem can be found in Section 3.5.
Table 1. The description for ®(n, p, u) in (34).
p>ny 0y >0, N05 <0 * $1 NP2
p=ny Og > 03 N0 <0 * AN )
%<p<7’12 04 >0 AN05 <0 * $1 NP
n1<p§2,p7él (P3/\94>91A65§92 ¢3/\67§y/\64>62 P1 NP
p=m n < ng bz > b1 A b1y < 611 n<ngAbz>6b11 Ap > b6 $1 N2
5 <p<m P3Nby > 01 N05 < 0 P3NO7 < uNby >0, AN )
p:% n=1A0i5>09Apu>0g * n=1IN-p<u—-1<p
0<p<% n=1A0; <uNby>0 n=1A0; <0 Au=>0y; n=1N-p<u—-1<p

Theorem 3. The sufficient and necessary condition for Problem 3— that is, (33) must be true—is

(n,p, ) = Vi Vi, T(, j),

where T (i, j) is defined in (36) and V means disjunction.

3.4. Compare with Existing Results

We show that our result includes the result proved in [22] and more essential results.

In [22], the CREP was proved under the conditions p =2+n(p—1)andp > 1 — %
Obviously, the result proved in [22] is a special case of T(7,4),i =1,...,8 in Table 1.

We can also prove the result in [22] directly as follows. Set y = 2+ n(p — 1) and

2n

R RS

< 01in (31), we obtain Eu,b = 0. In addition, the condition p > 1 — % implies

1 _ 1 :
p>1—-.So,whenyu =2+n(p—1)and p > 1— ;, the CREP is proved based on our

proof procedure.

We can use the SDP code in ([15], Appendix B) to verify the result in Table 1 for given

values of y, p, n. For instance, for y =2,p =

%, n = 2, the condition p > 1 — % is satisfied
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naturally With the SDP code in [15], we obtain L,Z b+ 3 2R =R; = (Z\fmz + 1;;\4[ 5)% +

625 m2 >0 w1th c1=—3% Thus, the CREP is proved when y = 2,p = 5 ,n = 2. This case
m=2p= g,n = 2,c1 = —3]isincluded in T(1,2) in Table 1. Note that u = 2+ n(p — 1)
is not satisfied for these parameters, and thus our condition ®(#, p, ) is strictly larger
than those given in [22]. More precisely, the points (1, p, ) satisfying the conditions
u=2+np-1,p>1- % given in [22] consist of a two-dimensional subset of R?, while
the points satisfying the condition ®(n, p, ) consist of a three-dimensional subset of R?, as
shown by the following result.

Property 2. The points satisfying the condition ®(n, p, u) consist of a three-dimensional subset of
R3.

Proof. We show that the points satisfying T(1,2) consist of a three-dimensional subset of
R3.

From Table 1, we have T(1,2) = [F; > 0AF, > 0AF; < 0], where F; = p — %T‘/ﬁ,

_ n?p—n’—np _ n2(9p*—13p—4)—n(9p—4)u fpe
F, = —172 + (p 1)2, F = G—)Z@n+op—a) Under the condition F; > 0, we
can reduce the inequality F, > 0 to the form y < 2+ n(p — 1) and reduce the inequality
n(9p>—13p—4) _ 9+V17 A n(9p2—13p—4)

F3 < 0 to the form p > ===57=—. Thus, T(1,2) = [p > ==~ A T <u<

n(p—1)+2]. Sincen(p—1)+2— ”(9”29;134”_4) = 8“;;2’;4) > 0 under the condition

p> %, T(1,2) defines a three-dimensional subset of R3. [

3.5. Proof of Theorem 3

In order to make the proof precise, we introduce the following parameters:

=((p—12*(n—1)cr +n*(p+1))/n,
=((p- 1)2( (p—2)% —4p> +9p — 4)c1 + n?(4p° — 11p> + 5p
4))/(n(4p” —9p +4))

3 = (n®p — p*cy — n® 4+ 2pcy —c1)/n,
g = (9712;72 - 4np201 - 9p3c1 - 13n2p + 8npcy + 22p2cl —4n® — 4ncy — 17pcq

+der)/(n(9p —4)),

ps = —(nc1V17 — ) V17 + 13612 4+ 17nc; — 17¢1) / (4n(V17 — 17)),

pe = —(c1V17 — 8n® + c1)/ (4n(V17 — 1)),

7 = —(26nc1V17 + 73¢1V/17 4+ 15212 4+ 118nc; + 305¢1) / (16n(11V17 + 47)),  (37)
g = —(ncV17 — c1V/17 — 13612 — 17ncy + 17¢1) / (4n (V17 +17)),

o = —(c1V17 +8n% — ¢1)/ (4n(v/17 + 1)),

110 = —(26nc1V17 + 73¢1V/17 — 152n% — 118ncy — 305¢;) / (16n(11V17 — 47)),

11 = (11712 4+ 25nc; — 25¢1)/(81n),

p1p = (721812 + 1225nc1 — 400c1 )/ (1296n),
iz = —(5(9n +5¢1))/ (81n),
21’12 161’12 o 71781/12

ﬂlzﬁr772:7ﬁrﬂ3— 5

We first treat the three inequalities s; > 0, sp > 0, s3 > 0. Firstly, s; > 0 is equivalent
to ¢ < p1. Secondly, since the roots of 4p> — 9p + 4 = 0 are n; and 15, we have s, > 0 &
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<mwifp<nyorp >mnyandsy; >0 & u > upif ng < p < ny. Inorder to analyze
s3 > 0, we first compute

o _A(p—1)%c +2n)
H3 — pa = op—4 : (38)

Therefore, s3 > 0 can be divided into four cases: s3 > 0 & g < pu < uzifp > % and
hh <ci;5320& u3 <pu<ifp > %andcl <b;;53>0& u>puzorpu < pyif
p< %andcl <Opsz3>0epu>pugorpu <pusifp < %and@l < c1. Finally, p > 1—%15
equivalent to u > 0.

Based on the above analysis and (34), ®(n, p, 4) can be divided into six cases:

D(n,p,p) < max(jug,07) < p < min(py, po, p3), if (p € (5,11) or p > ny)
and 61 < ¢1 <0;

@(n,p,u) < max(pz, pa,07) < p < min(puy, p3), if p € (n1,n2)
orf <c1 <0;

D(n,p,u) < max(us,07) < p < min(py, po, pa), if (p € (5,11) or p > ny)
orcy < 6q; (39)

d(n,p, ) < max(py, 3, 07) < p < min(pq, pa), if p € (n1,n) orcy < 6q;

@ ) 07 < < min(py, pio, pa) or max(ps, b7) < p < min(p, p2),

if p < %orcl < b0;

O(n,p,u) < 07 < p < min(puy, po, u3) or max(py, 07) < p < min(py, H2),
ifp< %01‘91 <c <0

The special cases p = %, 11,17, and ¢ = 61 need to be considered differently.
Below, we give a detailed analysis of the above six cases, which leads to the results in
Table 1. We first have the following formulas:

m—us = (p—1)%c +2n, (40)
9 —1)2 2
P1— e = pllp 9p)c41+ n)/ (41)
_2(p—22((1/2)(p —1)%c1 +n)
_1\2 _1)\2
by = pBp—4)*((p—1)c —0—271), (43)

(4p> —9p+4)(9p —4)
—(p—1)%(4n+9p — 4)cy +2n%p(9p — 13)

;’l4 - 97 - Tl(gp — 4) 7 (44)
_ 2 _
-0 = (p 1)(2”n perten) (45)
B 18n(np—n—0—1)(p—%)
-0 = T Panop—a) (46)
2n(np —n+1)
0—yp = -~ 47
L (h—17 ()
2 _
-0 — 8n(np—n—+1) (48)

(p—1)2(4n+9p—4)
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Firstly, we have the following formulas which eliminate c;.
B< pz <1 <0y P>y >0 ifp > g,
p>ps o <05 ifp<i, u<ps oo <0sifp >4,
p<ppe o >05ifp<s, u<pee o <0 (49)
p=py e 20, H< po = e < b3,
B o< e 2> by, i< piz e o1 < s

We divide the proof into several cases, first according to the values of c; and then
according to the values of 7.

Case 1: 61 < c; < 0. From (40), we have piq > 3 in this case and from (39), ®(n, p, i)
simplifies to three cases:

D(n,p, ) < max(py, 07) < p < min(pp, u3),if p € (%,nl) or p > ny;

D(n, p, p) < max(pz, pa, 07) < p < ps, if p € (n1,m);

®(n,p,u) < 07 < p < min(pp, p3) or max (g, 07) < p < min(py, o), if p < 3.

According to the vales of p, we consider seven cases below.

Case 1.1: 01 < ¢; < 0and p > ny. In this case, from (42) and (44), we have py > u3
and p4 > 67. Hence, ®(n, p, ) < ps < u < p3.

We now eliminate ¢; from @ (1, p, u) < (p > oAby < c1 <0Apg < p < p3). By (49),
ty < p < psisequivalent to 05 < ¢ < 6. Ic1(05 < ¢1 < 4 A 01 < ¢ < 0) is equivalent to
(64 > 61 A 05 < 0). Therefore, in this case, ®(n,p, u) < (p > ny Aby > 01 A 05 < 0), and
T(1,2) is proved.

Case1.2:60; <c; <0and p = np. When p = ny, wehave 6; =03, sp = —ﬁ(%/ﬁ—
33)(c1v/17 + 64n + 9cy)n. Then, sy > 0 < ¢; > 65. Because 6 < ¢c; < 0and p = np > %,
we have s3 > 0 < puy < p < us. By (44), we have pg > 07. When p = ny, we have uz = pq
and py = py. Thus ®(n,p, ) < (03 <c1 < 0,17 < pu < yg).

We now eliminate ¢1 from ®(n, p, u) < (p =naAN03 <c1 <0Apuy < u < ug). By (49),
H7 < u < pg is equivalent to 615 < ¢1 < . 3c1(012 < 1 < 06 A 63 < 1 < 0) is equivalent
to 6 > 03 and 015 < 0. Therefore, in this case, ®(n, p, i) < (p = na A > 03 A 612 < 0),
and T(2,2) is proved.

Case 1.3: 1 < c; <0and p € (n1,ny), p # 1. This case is divided into two sub-cases.

Case 1.3.1: 0 < ¢; < 0Oand p € (19—3,712). By (43) and (44), we have yg > pp and
Hy > 07. Hence, ©(n, p, i) < gy < u < 3.

We now eliminate ¢; from ®(n, p, ) < (p € (2,m) A0 < o1 <OAps < < pz).
Similar to Case 1.1, we have ®(n,p,u) & (p € (,m2) A0y > 6, A 05 < 0), T(3,2) is
proved.

Case 1.3.2: 6 < ¢1 < 0Oand p € (n, 9] # 1. By (43)—(46), we have pg > o,
(3 2 07 & 01 <m), (g = 07 & 1 < 6) and (02 > 01 < ¢3). Hence ®(n,p,u) <
max(pa,07) < u < us. This case is further divided into two sub-cases.

Case 1.3.2.1: If ¢; < 60y, then pg > ps, and ®(n, p, i) < pa < p < uz. Thus, we need
01 < 6y, which yields ¢3. Thus, @(I’l, v, y) = (91 < < 92, ¢3, 18 < u < ]/l?,)

We now eliminate c; from ®(n, p, u) < (p € (ny, 5, 3, p #1,¢3,00 <c1 <0,uy <
pu < u3). Like Case 1.1, we have ®(n, p, ) < (p € (n1, B)Ap £ 1A P3N0y > 0 N5 <
6>), and T(4,2) is proved

Case 1.3.2.2: If ¢; > 6, then py < 67, and ®(n,p, ) < 07 < pu < us. Thus, we
need 67 < 3, which yields c; < 1. By (47), we know #; > 6 results in ¢3, which yields
01 < 6 < 11. Thus, CD(T’l, p,y) = (92 <c < min(O 7]1) 3,07 <u< ]/13)

We now eliminate ¢; from ®(n, p, i) < (p € (n1, : 5 3),p £ 1,¢3,00 < c; <min(0,7;),607 <
u < ;43) 07 < u < uzis equivalent to 6; < pand ¢; < 6s4. dei(cg < 04 N0 <
c; < min(0,77)) is equivalent to 65 > 6,. Therefore, in this case, ®(n,p,u) < (p €
(n1, BYAp#£1Np3 A0, < u A0y > 6,),and T(4,3) is proved.

Case 1.4: 0 < c; < 0and p = ny. When p = ny, wehave 6 = 019, 0 = 611, 111 =
M2, Sp = —ﬁ(33+7\/ﬁ)(€1\/ﬁ— 64n —961)1’1. Then s, > 0 < ¢ > 61p. Because
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h <cg <0andp = n; > %,wehaves@ >0 & ug < p < pz. By (44), we have
Mg > 07 & 1 < 0,

Case 1.4.1: Similar to Case 1.3.2.1, ®(n,p,u) < (01 < c1 < O, ¢3,us < p < u3).
When p = nq, we have 3 = ug, ps = pt10, $3 < n < nz. Thus ®(n,p,u) < (010 < 1 <
O11,n < n3, 10 < p < o).

We now eliminate ¢; from ®(n, p, u) < (p = n1,610 < ¢1 < 011,n < ng, pp < p <
]49). 10 < u < pgis equivalent to b1y < c¢1 < 613. Jq (914 <1 <O03N0p<c1 < 911) is
equivalent to 013 > 019 and 614 < 617. Therefore, in this case ®(n,p, i) < (p=n1 An <
n3 A 613 > 619 A 014 < 617), and T(5,2) is proved.

Case 1.4.2: Similar to Case 1.3.2.2, ®(n,p, ) < (62 < c1 < min(0,71),¢3, 5 < u <
#3). When p = n1, we have 07 = 014. Thus, @(n,p, u) < (611 <1 < np,n < nz, b1 < u <
M)

We now eliminate c; from ®(n, p, u) < (p =n1,011 < c1 <mp,n < nz, 016 < pt < o).
016 < pu < pois equivalent toc; < 613 and U > 0. dey (C1 < O3Nbi1 < < 172) is
equivalent to 613 > 611. Therefore, in this case, ®(n,p, i) < (p = ny An < nz Abz >
611 A it > 616), and T(5,3) is proved.

Case 1.5: ) < ¢y < 0Oand p € (%,nl). By (42) and (44), we have pp > pu3 and
(Hg > 07 < 1 < 6,). Hence ®(n, p, u) < max(ug, 07) < u < us.

Case 1.5.1: Similar to Case 1.3.2.1, we have ®(n,p, u) < (61 < c1 < 0, ¢3, s < pu <
H3)-

We now eliminate c; from ®(n,p,u) < (p € (%,nl),gbg, 0 <c1 <O,us <pu<us).
Like Case 1.3.2.1, we have ® (1, p, 1) < (p € (§3,m1) A p3 Ay > 61 A5 < 65), and T(6,2)
is proved

Case 1.5.2: Similar to Case 1.3.2.2, we have ®(n, p, u) < (62 < c1 < 11, ¢3, 15 < p <
y3)-

We now eliminate ¢y from ®(n, p, ) < (p € (§,11),¢3,00 < c1 < 11,07 < u < p3).
Like Case 1.3.2.2, we have ®(n, p, i) < (p € (5,11) A3 A 07 < A0y > 6,), and T(6,3)
is proved.

Case1.6: 6 <c; <0andp = %. When p = %, we have 61 = 69, 111 = 173, 07 =
0s, 53 = —zat: (1621 + 25¢1) (4512 + 81nu + 25¢1). Thensz > 0 & u < py3 if ¢ > 6.
By (45), we know u3 > 607 < ¢1 < 11. And 09 < 73 & n = 1. Thus ®(n,p,u) < (69 <
c1 <yz,n=1,08 < u < pgz).

We now eliminate ¢; from ®(n,p,u) & (p= 5,00 <c1 <m3,n=1,05 < u < p3).
0s < u < py3is equivalent to c; < 615 and u > 6s. Jei(c; < G5 N0y < 1 < 73) is
equivalent to 15 > 6. Therefore, in this case ®(n,p,u) < (p = §An = 1A05 >
69 A u > 0g), and T(7,2) is proved

Casel.7:0; <c; <0and0 < p < %.

Case 1.7.1: If we select 6; < p < min(up, u3), by (42), we have pp > p3. Thus,
D(n,p,u) < 07 < u < us. So, we need 67 < uz, which yields c; < #3. By (47), we know
11 > 6 results in ¢3, which yields n = 1 with 0 < p < §. Thus ®(n,p, ) & (61 < ¢1 <
mon =107 <u<pus).

We now eliminate c; from ®(n, p, ) < (p € (0,3),n=1,0; <c1 < 111,07 < p < p3).
Like Case 1.3.2.2, we have @ (1, p, 1) < (p € (0,3) An =1A0; < u Ay > 61),and T(8,2)
is proved.

Case 1.7.2: If we select max(ps,07) < p < min(uj, yz), by (41), we have g < ua,
which yields a contradiction.

Case 2: ¢; < 6071. From (40), we have y; < p3 in this case, and from (35), ®(n, p, 1)
simplifies to one case: ®(n, p, ) < 07 < p < min(py, po, pa), if 0 < p < 3 and ¢1 < 6;.
Since p satisfies 0 < p < 3, we need only consider the following cases.

Case2lici <fiand 0 < p < %. By (41), (43) and (44), we have p1 > pq, 2 > pg and
(4 > 07 & c1 > 67). Then, we need 6, < 61, which yields ¢3 by (46). Because ¢3 means
n=1with0 < p <3, wehave ®(n,p,u) < (62 <c1 <0,n=1,0; < p < ).

We now eliminate ¢ from ®(n, p, ) < (p € (0, %),n =1,0, <c1 <01,07 < u<py).
07 < pu < py is equivalent to ¢c; > 05 and p > 67. 3c1(c; > 65 A2 < 1 < 07) is equivalent
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to 05 < 0. Therefore, in this case, ®(n,p,u) < (p € (0,§) An=1A05 < 01 Ap > 6y),
and T(8,3) is proved.

Case 2.2: ¢; < 01 and p = ny. In Case 1.5, we know that 6; = 63 with p = n, and
sp > 0 < ¢1 > 63, which yields a contradiction.

Case 2.3: ¢c; < 01 and p = ny. In Case 1.6, we know that 8; = 69 with p = ny, and
sp > 0 & ¢; > 619, which yields a contradiction.

Case24:¢; < f6pand p = %. We have 61 = 0y, u2 = p12, 43 = 13 based on p = %.
Then, we have (s > 0 & pu < ppp)and (s3 > 0 & u > uy3if c; < 6g). So, we need
M12 > H13. By (42), we have p1p < p13, which yields a contradiction.

Case 3: ¢c; = 6;. When ¢; = 61, we have s; = n(np —n—pu+2), 5o = n(4p? —
9p+4)(np—n—pu+2)and s3 = —n?(9p —4)(np —n— u+2)% Thus, s > 0 & u <
24+n(p—1)andss >0« (p< gorp=2+n(p—1)).

Case3.1: If y =2+ n(p — 1), thens; = s, = s3 = 0. Furthermore, p > 1— £ < ¢.
Thus, ®(n,p,u) < (c1 =01, ¢1,¢2), and T(i,4), i =1,...,6 are proved.

Case3.2: If p < %, thens; > 0< u <2+n(p—1). Then, weneed 2+ n(p —1) > us,
which yields ¢;. And ¢ implies n = 1 with p < 5. Thus, ®(n,p,u) < (c1 = 0y,n =
1,—p<u—1<p),and T(7,4), T(8,4) are proved.

4. Conclusions

This paper is an extension of the work [15-17] to the case where the entropy power
involves parameters. The basic idea is to prove entropy power inequalities in a systematic
way. Precisely, the concavity of Rényi entropy power is considered, where the probability
density u; solves the nonlinear heat equation with two parameters p and . Our procedure
reduces the proof of the CREP to checking the semi-positiveness of a quadratic form (33)
whose coefficients are polynomials in the parameters #, p, . In principle, a necessary and
sufficient condition on parameters #, p, y for this can be computed with the quantifier
elimination [24]. Some interesting works [26,27] can help to understand our approach in
this paper.

Based on the above method, we give a sufficient condition ®(n, p, u) for the CREP,
which extends the parameter’s range of the CREP given by Savaré-Toscani [22]. By
Theorem 3, our results give the necessary and sufficient condition for the CREP under
certain conditions. However, in the general case, Theorem 1 only gives a sufficient condi-
tion for the following reasons: Problem 1 may not be equivalent to Problem 2, and more
constraints may exist.

For future research, it is interesting to see whether the three conjectures about Costa’s
differential entropy studied in [17] can be generalized to this more general case.
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Appendix A. Constraints in (15)

ahl +hy u

In this appendix, we give the constraints in (15), where uy,, ;, = Ty G
at bt

a4 2 4
Ryap = 3puy + Suugouyy — duy,
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_ 4 2 4
Ryap = 3?’”0,1 + 3uu0,2u0,1 — 5u0’1,

a2 2
R34 = 3puuyguzo + ulusg — 3uuyguz),

Ryap = 3putugusg + uluz g — 3uugusp,

Rsqp = 3puturgup + 1uluz g — 3uluq iz,

Reap = 3putugin + ulpn — 3uug i,

Ry qp = 3puturgur + ulunp — 3uluq gur o,

Rsqp = 3putugu + ulur 3 — 3ulugur o,
2

R, p = 3puluygugs + uluy 3 — 3uuy g3,

Rigap = 3putugios + udugs — 3uug i3,

Ri1,0p = 3puo1u3 o + Buny ju o — 513 g1,

Rupap = 3pug qu1,0 + Buuy juf; — 5u3 U1,

Rizup = 3?’”%,1”%,0 + 2uug1uq,0U1,1 + uuiouog — 5”%,0”%,1/

Rigap = 3punid gz + uPuy guz o + u?ud o — duuyoul ),

Ris,ap = 3puttig i1 gtin + uug 1tz + u?ur un — 4utiz oty ol 1,
Rigap = 317””%,0“1,1 + u2”1,0”2,1 + Mzul,luz,o - 47«”/!1,114%,0,

Ry7,0p = 3puigui,oting + Uiy otin + 1?1y 1190 — 4utiz gty oo,
Rl&a,b = 3;71/[1/!%,1112/0 + Mzuo,luz,l + Mzuolzuzro — 41/11/!%,1112/0,

Rigqp = 3puugquyour g + u?ugqting + Mzu%,l —duug Uy, otir,1,
Ry0,ap = 3}7””%,0”0,2 + uPugot o + uPtg Uz — 4W%Ou0,zl

Rot, = 3putig 1ty o1, + U2ty g1 o + u?ug | — 4uiigug oty 1,
Ropap = 3puug 11 + utio 1t p + utiounn — 4utt 11y,

Ros.0p = 3puig i otiop + u?tig 11 + u?tigou1 — 4utig iy glio1,
Royap = 3puig i otiop + u?uy otlo3 + u?tig 1,1 — 4uig iy gllo1,
Rosap = 3P““(2),1u0,2 + uugug3 + uzu%,2 - 4uu0,2u(2),1,

Rogap = 3P”0,1”i0 + 2uup guq ot + U1 M%,O - 5”%,0%,1,

Ro7ap = 3pu%,1uio + uu%,luzlo + 2uug1ug,0U1,1 — 5”%,0”%,1/

_ 3 2 3
R28,a,b = 3puo,lu1,0 + Mulllu(m + Zuuolzullouorl — 51/{0’11/[1,0.
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